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Notation

I H is a (finite-dimensional) Hilbert space. Hn is an
n-dimensional Hilbert space.

I L(H) is the space of linear operators acting on H.

I idn represents the identity map on L(Hn).

I |v〉 ∈ H is a unit (column) vector represented using Dirac
notation. 〈v | := |v〉∗ is the dual (row) vector. The associated
projection |v〉〈v | represents a pure state.

I |ei 〉 denotes the i th computational basis vector.
E := 1

n

∑n
i ,j=1 |ei 〉〈ej | ⊗ |ei 〉〈ej | is a rank-1 projection onto a

maximally-entangled pure state.
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Linear Maps on Operators

A linear map Φ : L(Hn) → L(Hm) (we will assume for convenience
from now on that m ≤ n) is said to be:

I Hermicity-preserving if Φ(X )∗ = Φ(X ) whenever X ∗ = X .

I Positive if Φ(X ) ≥ 0 whenever X ≥ 0.

I k-positive if (idk ⊗ Φ)(X ) ≥ 0 whenever X ≥ 0.

I Completely positive if Φ is k-positive for all k ∈ N.
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The Choi-Jamiolkowski Isomorphism

We associate any linear map Φ : L(Hn) → L(Hm) with the
operator (idn ⊗ Φ)(E ) ∈ L(Hn) ⊗ L(Hm). This actually defines an
isomorphism known as the Choi-Jamiolkowski isomorphism. Φ
is:

I Hermicity-preserving if and only if (idn⊗Φ)(E ) is Hermitian.

I Positive if and only if (〈a| ⊗ 〈b|)(idn ⊗ Φ)(E )(|a〉 ⊗ |b〉) ≥ 0
for all |a〉 ∈ Hn, |b〉 ∈ Hm.

I Completely positive if (idn ⊗ Φ)(E ) is positive semidefinite
(a famous result of Choi).
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Schmidt Rank

Recall the Schmidt decomposition theorem, which states that any
vector |v〉 ∈ Hn ⊗Hm can be written in the following form:

|v〉 =
r∑

i=1

αi |ai 〉 ⊗ |bi 〉,

where each αi is a non-negative real constant and
{
|ai 〉

}
⊆ Hn

and
{
|bi 〉

}
⊆ Hm are orthonormal sets of vectors.

I The least possible r is known as the Schmidt rank of |v〉,
denoted SR(|v〉).
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Schmidt Rank

I The proof of the Schmidt decomposition theorem is just the
singular value decomposition is disguise.

I The Schmidt rank of a vector is easy to compute (takes
O(n3) time).

I SR(|v〉) = 1 if and only if |v〉 is separable. Conversely, vectors
with high Schmidt rank (i.e., SR(|v〉) ≈ m) are considered
“highly entangled”.

I A result of Cubitt, Montanaro and Winter says that the
maximum dimension of a subspace S ⊆ Hn ⊗Hm such that
SR(|v〉) ≥ k for all |v〉 ∈ S is given by (n− k + 1)(m− k + 1).
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k-Block Positive Operators

An operator X ∈ L(Hn)⊗L(Hm) is said to be k-block positive if

〈v |X |v〉 ≥ 0 ∀ |v〉 with SR(|v〉) ≤ k.

I The m-block positive operators are exactly the positive
operators, since SR(|v〉) ≤ m for all vectors |v〉.

I X is 1-block positive if and only if the linear map associated
with it (via the Choi-Jamiolkowski Isomorphism) is positive.

I X is k-block positive if and only if the linear map associated
to it (via the Choi-Jamiolkowski Isomorphism) is k-positive.
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Schmidt Number

The Schmidt rank provides a simple measure of entanglement for
vectors (pure states). The Schmidt number is a generalization of
the Schmidt rank to arbitrary density operators (mixed states).

Any density operator ρ ∈ L(H) can be written as

ρ =
∑

i

pi |vi 〉〈vi |,

where {pi} forms a probability distribution.

The above decomposition of ρ is not unique. The
Schmidt number of ρ, denoted SN(ρ), is defined to be the least
k such that SR(|vi 〉) ≤ k for all i , where the |vi 〉’s form a
decomposition of ρ as above.
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Schmidt Number

I For any vector |v〉, SR(|v〉) = SN(|v〉〈v |).

I SN(ρ) = 1 if and only if ρ is separable. Conversely, density
operators with high Schmidt number (i.e., SN(ρ) ≈ m) are
considered “highly entangled”.

I There is a natural duality between operators ρ with
SN(ρ) ≤ k and k-block positive operators.

I The Schmidt number of an arbitrary density operator is very
difficult to compute. Not only is it NP-HARD, but we don’t
even know how to do it yet. Even determining whether or not
SN(ρ) = 1 is a very active area of research right now.
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Schmidt Vector Norms

Let |v〉 ∈ Hn ⊗Hm and let 1 ≤ k ≤ m. Then we define the
Schmidt vector k-norm of |v〉 by∥∥|v〉∥∥

s(k)
:= sup

|w〉

{∣∣〈w |v〉∣∣ : SR(|w〉) ≤ k
}

.

I Yes, these are actually norms (not hard to check).

I If k = m, then this is just the standard Euclidean norm. That
is,

∥∥|v〉∥∥
s(m)

=
∥∥|v〉∥∥.

I
∥∥|v〉∥∥

s(1)
≤

∥∥|v〉∥∥
s(2)

≤ · · · ≤
∥∥|v〉∥∥

s(m−1)
≤

∥∥|v〉∥∥
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Computation

From now on, when we refer to the Schmidt coefficients {αi} of a
vector, we will assume that they are written in non-increasing order
(i.e., α1 ≥ α2 ≥ · · · ≥ αm ≥ 0).

The Schmidt vector norms are actually very simple to compute, as
the following theorem demonstrates:

Theorem
Let |v〉 ∈ Hn ⊗Hm have Schmidt coefficients

{
αi

}
. Then

∥∥|v〉∥∥
s(k)

=

√√√√ k∑
i=1

α2
i .
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I The Schmidt vector norms are thus easy to compute – it takes
O(n3) time (and it’s simple to code in software such as
MATLAB).

I It is a simple corollary that if h ≤ k then∥∥|v〉∥∥
s(h)

≤
∥∥|v〉∥∥

s(k)
≤

√
k
h

∥∥|v〉∥∥
s(h)

.

I
∥∥|v〉∥∥

s(h)
=

∥∥|v〉∥∥
s(k)

if and only if SR(|v〉) ≤ h.

I
∥∥|v〉∥∥

s(k)
=

√
k
h

∥∥|v〉∥∥
s(h)

if and only if α1 = α2 = · · · = αk .

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Definition
Computation

Computation

I The Schmidt vector norms are thus easy to compute – it takes
O(n3) time (and it’s simple to code in software such as
MATLAB).

I It is a simple corollary that if h ≤ k then∥∥|v〉∥∥
s(h)

≤
∥∥|v〉∥∥

s(k)
≤

√
k
h

∥∥|v〉∥∥
s(h)

.

I
∥∥|v〉∥∥

s(h)
=

∥∥|v〉∥∥
s(k)

if and only if SR(|v〉) ≤ h.

I
∥∥|v〉∥∥

s(k)
=

√
k
h

∥∥|v〉∥∥
s(h)

if and only if α1 = α2 = · · · = αk .

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Definition
Computation

Computation

I The Schmidt vector norms are thus easy to compute – it takes
O(n3) time (and it’s simple to code in software such as
MATLAB).

I It is a simple corollary that if h ≤ k then∥∥|v〉∥∥
s(h)

≤
∥∥|v〉∥∥

s(k)
≤

√
k
h

∥∥|v〉∥∥
s(h)

.

I
∥∥|v〉∥∥

s(h)
=

∥∥|v〉∥∥
s(k)

if and only if SR(|v〉) ≤ h.

I
∥∥|v〉∥∥

s(k)
=

√
k
h

∥∥|v〉∥∥
s(h)

if and only if α1 = α2 = · · · = αk .

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Definition
Computation

Computation

I The Schmidt vector norms are thus easy to compute – it takes
O(n3) time (and it’s simple to code in software such as
MATLAB).

I It is a simple corollary that if h ≤ k then∥∥|v〉∥∥
s(h)

≤
∥∥|v〉∥∥

s(k)
≤

√
k
h

∥∥|v〉∥∥
s(h)

.

I
∥∥|v〉∥∥

s(h)
=

∥∥|v〉∥∥
s(k)

if and only if SR(|v〉) ≤ h.

I
∥∥|v〉∥∥

s(k)
=

√
k
h

∥∥|v〉∥∥
s(h)

if and only if α1 = α2 = · · · = αk .

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Definition
Basic Properties
Inequalities
Semidefinite Programs

Schmidt Operator Norms

Let X ∈ L(Hn) ⊗ L(Hm) and let 1 ≤ k ≤ m. Then we define the
Schmidt operator k-norm of X by∥∥X

∥∥
S(k)

:= sup
|v〉,|w〉

{∣∣〈w |X |v〉∣∣ : SR(|v〉),SR(|w〉) ≤ k
}

.

I Yes, these too are actually norms.

I If k = m, then this is the standard operator norm. That is,∥∥X
∥∥

S(m)
=

∥∥X
∥∥.

I
∥∥X

∥∥
S(1)

≤
∥∥X

∥∥
S(2)

≤ · · · ≤
∥∥X

∥∥
S(m−1)

≤
∥∥X

∥∥
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Rank-1 Computation

We will see that computing Schmidt operator norms in full
generality is extremely difficult. Nonetheless, the following
proposition shows us how to do it when the operator has rank 1.

Proposition

Let X = |w〉〈v | ∈ L(Hn) ⊗ L(Hm) be a rank-1 operator. Then∥∥X
∥∥

S(k)
=

∥∥|w〉∥∥
s(k)

∥∥|v〉∥∥
s(k)

.

I Because we know how to compute the Schmidt vector norms,
we can use this result to compute the Schmidt operator norm
of rank-1 operators.
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Rank-1 Computation

I The proposition implies that
∥∥|v〉〈v |∥∥

S(k)
=

∥∥|v〉∥∥2

s(k)
, so the

Schmidt operator norm on density operators generalizes the
Schmidt vector norm on vectors, as we would hope.

I As an example, recall the rank-1 projection operator
E = 1

n

∑n
i ,j=1 |ei 〉〈ej | ⊗ |ei 〉〈ej | ∈ L(Hn) ⊗ L(Hn). Using the

proposition, we see that

∥∥E
∥∥

S(k)
=

∥∥ n∑
i=1

1√
n
|ei 〉 ⊗ |ei 〉

∥∥2

s(k)
=

k∑
i=1

(
1√
n

)2

=
k

n
.
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Normal Operators

Recall that in the definition of the Schmidt operator norms, we
take a supremum over two vectors |v〉 and |w〉. The following
proposition shows if X is normal then it is enough to take the
supremum only over |v〉:

Proposition

Let X ∈ L(Hn) ⊗ L(Hm) be normal. Then∥∥X
∥∥

S(k)
= sup

|v〉

{∣∣〈v |X |v〉∣∣ : SR(|v〉) ≤ k
}

.

I In the k = m case, this result captures a well-known result
about the operator norm for normal operators.
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Normal Operators

I In the k = 1 case, it follows that if X is normal then
∥∥X

∥∥
S(1)

coincides with the recently-studied local numerical radius of
Gawron et. al.

I A simple corollary of the proposition is that if X is normal,
then ∥∥X

∥∥
S(k)

= sup
ρ

{
|Tr(Xρ)| : SN(ρ) ≤ k

}
.
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Connection with k-Block Positivity
The following result shows an intimate connection between the
Schmidt operator norms and k-block positivity of an operator.

Proposition

Let 0 ≤ X ∈ L(Hn) ⊗ L(Hm) and let c ∈ R. Then cI − X is
k-block positive if and only if c ≥

∥∥X
∥∥

S(k)
.

I This shows that computing Schmidt operator norms for
positive operators is equivalent to the problem of determining
k-block positivity of Hermitian operators.

I Determining k-block positivity of Hermitian operators has
been extensively studied, but no complete method is known.
This suggests that computing Schmidt operator norms is a
very difficult problem.
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Computable Upper Bound

Since we likely can’t compute the Schmidt operator norms in full
generality, we will now focus on finding inequalities to bound them.

Proposition

Let X ∈ L(Hn) ⊗ L(Hm) be normal with eigenvalues {λi} and
corresponding eigenvectors {|vi 〉}. Then∥∥X

∥∥
S(k)

≤
∑

i

|λi |
∥∥|vi 〉

∥∥2

s(k)
.

I The result follows easily from the Spectral decomposition
theorem.
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Computable Upper Bound

We can similarly derive an upper bound for non-normal operators
by recalling that any operator X can be written as
X =

∑
i ai |vi 〉〈wi |. Then:

∥∥X
∥∥

S(k)
≤

∑
i

|ai |
∥∥|vi 〉

∥∥
s(k)

∥∥|wi 〉
∥∥

s(k)
.

I The decomposition of X can be chosen so that the number of
terms in the sum is rank(X ). Thus, we saw earlier that
equality is attained in the rank-1 case.
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Equivalence of Schmidt Operator Norms

Because L(Hn) ⊗ L(Hm) is finite-dimensional, we know that the
Schmidt operator norms must all be equivalent. The following
theorem quantifies this fact.

Theorem
Let X ∈ L(Hn) ⊗ L(Hm) and suppose h ≤ k. Then

∥∥X
∥∥

S(h)
≤

∥∥X
∥∥

S(k)
≤ k

h

∥∥X
∥∥

S(h)
.

I These equivalence inequalities are tight. To see this, recall
from earlier than

∥∥E
∥∥

S(k)
= k

n .
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Equivalence of Schmidt Operator Norms

I Unlike the equivalence result for Schmidt vector norms, it is
not easy to find the conditions under which equality is
attained in either of the Schmidt operator norm equivalence
inequalities.

I In the case of an orthogonal projection P = P2 = P∗, we can
improve the lower bound as follows:∥∥P

∥∥
S(h)

+
k − h

m − 1

(
1 −

∥∥P
∥∥

S(h)

)
≤

∥∥P
∥∥

S(k)
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Inequalities for Projections

We will see later that the Schmidt operator norms of projections
are particularly important, so we provide two lower bounds here
that only apply to orthogonal projections P = P2 = P∗.

∥∥P
∥∥

S(k)
≥ min

{
1,

k⌈
1
2

(
n + m −

√
(n −m)2 + 4rank(P) − 4

)⌉}
.

∥∥P
∥∥

S(k)
≥ (k − 1)mn + (m − k)rank(P)

mn(m − 1)
.
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Inequalities for Projections
The first inequality is best for very low-rank or high-rank
projections, but the second inequality is best for moderate-rank
projections – this is demonstrated by the following image.
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A comparison of the two lower bounds for the Schmidt norm on
projections in the n = m = 15 and k = 1 case.

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Definition
Basic Properties
Inequalities
Semidefinite Programs

Inequalities for Projections
The first inequality is best for very low-rank or high-rank
projections, but the second inequality is best for moderate-rank
projections – this is demonstrated by the following image.

20 40 60 80 100 120 140 160 180 200 220
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Schmidt 1-norm lower bounds

rank(P)

L
o
w
e
r 
b
o
u
n
d

 

 

First inequality

Second inequality

A comparison of the two lower bounds for the Schmidt norm on
projections in the n = m = 15 and k = 1 case.

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Definition
Basic Properties
Inequalities
Semidefinite Programs

Introduction to Semidefinite Programs

Assume we have a Hermicity-preserving linear map
Φ : L(Hn) → L(Hm) and two operators A ∈ L(Hn) and
B ∈ L(Hm). Then the corresponding semidefinite program is given
by the following pair of optimization problems:

Primal problem Dual problem
maximize: Tr(AX ) minimize: Tr(BY )

subject to: Φ(X ) ≤ B subject to: Φ†(Y ) ≥ A
X ≥ 0 Y ≥ 0
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Introduction to Semidefinite Programs

Methods are known for solving semidefinite programs to any
desired accuracy ε in time that is (roughly speaking) polynomial in
n,m, and log(1/ε).

I Under certain conditions (which will be satisfied in this talk),
the optimal value of the primal problem equals the optimal
value of the dual problem.

I The duality theory of semidefinite programs can lead to nice
theoretical results.

I We will use semidefinite programming to upper bound the
Schmidt operator norms, and compute them exactly in low
dimensions.
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Semidefinite Programs for Schmidt Operator Norms

Let Φk : L(Hn) → L(Hm) be a k-positive linear map and let
X ≥ 0. The the following pair of optimization problems is a
semidefinite program:

Primal problem Dual problem
max: Tr(Xρ) min: λ

s.t.: (idn ⊗ Φk)(ρ) ≥ 0 s.t.: λIn ⊗ Im ≥ (idn ⊗ Φ†
k)(Y ) + X

Tr(ρ) = 1 Y ≥ 0
ρ ≥ 0

I In the primal problem, we are essentially maximizing Tr(Xρ)
over all density operators ρ with SN(ρ) ≤ k.
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Semidefinite Programs for Schmidt Operator Norms

I The optimal value for each of these semidefinite programs is
an upper bound for

∥∥X
∥∥

S(k)
.

I There is a particular k-positive Φk such that the optimal value
of the associated semidefinite program is exactly

∥∥X
∥∥

S(k)
.

I When m = 2 and n ≤ 3, it is enough to consider just the
transpose map. That is, the optimal value of the semidefinite
program associated with the transpose map always gives
exactly

∥∥X
∥∥

S(1)
in this case.

I This semidefinite programming approach, as well as all of the
previous bounds and methods, have been implemented in
MATLAB.
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Semidefinite Programs for Schmidt Operator Norms

The duality theory of semidefinite programming leads to the
following two results:

Theorem
Let X ≥ 0. Then∥∥X

∥∥
S(k)

= inf
Y

{∥∥X + Y
∥∥ : Y is k-block positive

}
.

Corollary

Let Y = Y ∗. Then Y is k-block positive if and only if∥∥X
∥∥

S(k)
≤

∥∥X + Y
∥∥ ∀X ≥ 0.
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Testing k-Block Positivity

We will now see that the Schmidt operator norms can be used to
compute the k-block positivity of Hermitian operators in many
cases.

I This is important for quantum information theory as k-block
positive operators can be used to detect the Schmidt number
of mixed states via the theory of k-entanglement witnesses.

I Can be used to detect k-positivity of linear maps via the
Choi-Jamiolkowski isomorphism.

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Testing k-Block Positivity
Bound Entanglement and Werner States

Testing k-Block Positivity

We will now see that the Schmidt operator norms can be used to
compute the k-block positivity of Hermitian operators in many
cases.

I This is important for quantum information theory as k-block
positive operators can be used to detect the Schmidt number
of mixed states via the theory of k-entanglement witnesses.

I Can be used to detect k-positivity of linear maps via the
Choi-Jamiolkowski isomorphism.

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Testing k-Block Positivity
Bound Entanglement and Werner States

Testing k-Block Positivity

We will now see that the Schmidt operator norms can be used to
compute the k-block positivity of Hermitian operators in many
cases.

I This is important for quantum information theory as k-block
positive operators can be used to detect the Schmidt number
of mixed states via the theory of k-entanglement witnesses.

I Can be used to detect k-positivity of linear maps via the
Choi-Jamiolkowski isomorphism.

Nathaniel Johnston Schmidt Norms for Quantum States



Introduction and Preliminaries
Schmidt Vector Norms

Schmidt Operator Norms
Applications in Quantum Information Theory

Conclusions

Testing k-Block Positivity
Bound Entanglement and Werner States

Testing k-Block Positivity

Throughout this section, we assume that X = X ∗ and we will
make the following notational conveniences:

I {λ+
i } are the positive eigenvalues of X , which have

corresponding eigenvectors {|v+
i 〉}. {λ−i } are the negative

eigenvalues of X , which have corresponding eigenvectors
{|v−i 〉}. The eigenvectors corresponding to the zero
eigenvalues are {|v0

i 〉}.

I X+ :=
∑

i λ
+
i |v

+
i 〉〈v

+
i | ≥ 0 and X− :=

∑
i λ

−
i |v

−
i 〉〈v

−
i | ≤ 0

are defined to be the positive and negative parts of X ,
respectively.
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Testing k-Block Positivity

I P0
X :=

∑
i |v0

i 〉〈v0
i | and P−

X :=
∑

i |v
−
i 〉〈v

−
i | denote the

projections onto the nullspace and negative part of X ,
respectively.

Theorem

1. If
∥∥P−

X

∥∥
S(k)

= 1 then X is not k-block positive.

2. If
∥∥P0

X + P−
X

∥∥
S(k)

< 1 and λ+
i ≥ ‖X−‖S(k)

1−‖P0
X +P−X ‖S(k)

for all i , then

X is k-block positive.

3. If
∥∥P−

X

∥∥
S(k)

< 1, all of the negative eigenvalues are equal, X

is nonsingular, and λ+
i <

‖X−‖S(k)

1−‖P−X ‖S(k)
for all i , then X is not

k-block positive.
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X +P−X ‖S(k)

for all i , then

X is k-block positive.

3. If
∥∥P−

X

∥∥
S(k)

< 1, all of the negative eigenvalues are equal, X

is nonsingular, and λ+
i <

‖X−‖S(k)

1−‖P−X ‖S(k)
for all i , then X is not

k-block positive.
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Testing k-Block Positivity

The theorem is quite technical and scary-looking. However, it has
several corollaries that follow from the various Schmidt operator
norm inequalities that we already saw. We will state some of these
corollaries now.

Corollary (Kuah and Sudarshan)

Let φ1, φ2 : L(Hn) → L(Hm) be completely positive linear maps
and let Φ := φ1 − φ2 be a Hermicity-preserving map. Suppose φ2

has canonical (i.e., orthogonal) Kraus operators
{
Fi

}
. If

rank(Fi ) ≤ k for some i, then Φ is not k-positive.
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Testing k-Block Positivity

We can derive some simple tests for k-block positivity based on the
negative eigenvalues of X .

Corollary (number of negative eigenvalues)

Suppose X = X ∗ ∈ L(Hn) ⊗ L(Hm) is k-block positive. Then it
has at most (n − k)(m − k) negative eigenvalues.

Corollary (magnitude of negative eigenvalues)

Suppose X = X ∗ ∈ L(Hn) ⊗ L(Hm) is k-block positive. Denote
the maximal and minimal eigenvalues of X by λmax and λmin,
respectively. Then

λmin

λmax
≥ 1 − m

k
.
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Testing k-Block Positivity

The previous two corollaries are easy enough to prove using other
methods. The following corollary provides a way of “interpolating”
between them by using the inequalities of the last section.

Corollary (number and magnitude of negative eigenvalues)

Suppose X = X ∗ ∈ L(Hn) ⊗ L(Hm) is k-block positive with r
negative eigenvalues. Denote the maximal and minimal eigenvalues
of X by λmax and λmin, respectively. Then

λmin

λmax
≥ 1 −

⌈
1
2

(
n + m −

√
(n −m)2 + 4r − 4

)⌉
k

and

λmin

λmax
≥ 1 − mn(m − 1)

(k − 1)mn + (m − k)r
.
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Testing k-Block Positivity

As one final corollary, we now present a necessary and sufficient
condition for an operator with exactly two distinct eigenvalues to
be k-block positive.

Corollary

Let X = X ∗ ∈ L(Hn) ⊗ L(Hm) have exactly two distinct
eigenvalues λ1 > λ2. Then X is k-block positive if and only if

‖P−
X ‖S(k) ≤

λ1

λ1 − λ2
.
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Werner States

Let T : L(Hn) → L(Hn) be the transpose map. Consider the
following family of states that are parametrized by a single real
variable α:

ρα :=
1

n2 − αn
(I − α(idn ⊗ T )(nE )) ∈ L(Hn) ⊗ L(Hn).

I Such states are known as Werner states.

I The operator (idn ⊗ T )(nE ) is sometimes referred to as the
swap operator because it maps |ei 〉 ⊗ |ej〉 to |ej〉 ⊗ |ei 〉.
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Bound Entangled States

A state ρ ∈ L(Hn) ⊗ L(Hm) is said to be bound entangled if
(idn ⊗ T )(ρ)⊗` ∈ L(H⊗`

n ) ⊗ L(H⊗`
m ) is 2-block positive for all

` ≥ 1.

I Equivalently, a state is bound entangled if it has zero
distillable entanglement.

I This means that bound entangled states are states that can
not be transformed via local operations and classical
communication into a pure maximally entangled state.

I Separable states are clearly bound entangled.
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Bound Entangled States

I Under the definition given on the previous slide, it is also clear
that positive partial transpose (PPT) states are bound
entangled. That is, if ρ ≥ 0 and (idn ⊗ T )(ρ) ≥ 0 then ρ is
bound entangled.

I It has been an open question for over a decade whether or not
other bound entangled states exist.

I That is, does there exist a bound entangled state ρ with
non-positive partial transpose (NPPT)?
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Bound Entangled States

I Mathematically, does there exist a state ρ such that
(idn ⊗ T )(ρ) � 0 yet (idn ⊗ T )(ρ)⊗` is 2-block positive for all
` ≥ 1?

I Put yet another way, does there exist a completely positive
linear map Φ such that T ◦ Φ is not completely positive, yet
(T ◦ Φ)⊗` is 2-positive for every ` ≥ 1?

I It has been shown that it is enough to consider Werner states
– that is, there exist NPPT bound entangled states if and only
if there exist NPPT Werner states.
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Bound Entangled Werner States
Recall that a Werner state ρα is (ignoring the scaling factor in
front) of the form

ρα = I − α(idn ⊗ T )(nE ).

I It’s easy to see that

(idn ⊗ T )(ρα) = I − αnE .

I But wait a minute – the operator I − αnE has only two
distinct eigenvalues. Recall that the Schmidt operator norms
gave us a complete characterization of k-positivity of
operators with exactly two distinct eigenvalues.
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Bound Entangled Werner States

Theorem
Let ρα be a Werner state. Then (idn ⊗ T )(ρα) is k-block positive
if and only if α ≤ 1

k .

I Two special cases of this result are well-known. First, ρα has
positive partial transpose if and only if α ≤ 1

n . Second, ρα is
2-positive if and only if α ≤ 1

2 .

I This shows that the “interesting region” of α’s is α ∈ ( 1
n , 1

2 ],
since ρα is PPT for α ≤ 1

n and (idn ⊗ T )(ρα) is not 2-positive
(and hence ρα is not bound entangled) for α > 1

2 .

I Determining k-block positivity of (idn ⊗ T )(ρα)⊗` for ` > 1 is
much more difficult. But we give it a shot...
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Bound Entangled Werner States

Define a family of projections
{
P`

}
of ever-increasing size

recursively by

P1 := E ∈ L(Hn) ⊗ L(Hn),

P`+1 := E ⊗ (I − P`) + (I − E ) ⊗ P`, for ` ≥ 1.

I For any α in the “interesting region”, P` is the projection
onto the negative eigenspace of (idn ⊗ T )(ρα)⊗`. Our tests
for k-block positivity from earlier thus apply by looking at this
family of projections.
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Bound Entangled Werner States

In particular, in the α = 2
n case, we can show that ρα is bound

entangled if and only if lim`→∞
∥∥P`

∥∥
S(2)

= 1
2 .

So get calculating!
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What We Have Seen

I The Schmidt operator norms are powerful tools for
determining k-block positivity of Hermitian operators

I They are especially useful for detecting k-block positivity of
operators with two eigenvalues. In particular, they may be
able to help solve the NPPT bound entanglement problem.

I We have seen several ways to bound the Schmidt norms of
projections. It is known that our bounds are asymptotically (in
the dimension of the local Hilbert space) tight up to a
universal multiplicative constant.
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What We Would Like to See

I We would like a lower bound on the Schmidt norm of
projections that is tight (not just asymptotically tight).

I More importantly, we would like a characterization of the
projections that attain the tight lower bound. The family of
Werner state projections that were discussed seem somehow
“maximally entangled”, so the (perhaps premature)
conjecture is that they are among the projections that attain
the lower bound.
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